Some strange attractor

For the reader convenience, we reported below the complerernz code”, discussed in
the book in various places. By running the code, we obtairequence the Figures 3.7,
3.9, 3.11, 3.12, 3.13(bh), 4.3, 4.9, 4.13, 4.14(a). The nesmdasked to study the features
of the Roéssler system and the Duffing oscillator, followihg torenz code as a guide.

#lLorenz attractor: Conplete

#instal | . packages("tseriesChaos", dep = TRUE) # to install the package if not present
i brary(tseriesChaos)

parns<- c¢(10,8/3,28) # paraneters: sigma, beta, rho
tinit<- 0

tfin<- 100

step<- 0.01

times<-seq(tinit,tfin, by=step)

funct<- function(t,integ, parns){

x<-integ[1]

y<-integ[ 2]

z<-integ[ 3]

si gma<- parns[ 1]

bet a<- parns[ 2]

r ho<- par ns[ 3]

dx<- sigma*(y-x) # that is dx/dt = sigm\(y-Xx)
dy<- x*(rho-z)-y # that is dy/dt = x(rho-z)-y
dz<- x*y-beta*z # that is dz/dt = xy -beta z

l'ist(c(dx,dy, dz))
} # end of funct
requi re(deSol ve)
cinit<-c(1,1,1)
xyz<-lsoda(cinit,tines,funct, parns)
#xyz # comment if you do not w sh the xyz val ues printed
par (nfrow=c(3,1))

par (mar = ¢(6.3, 4.8, 1., 3)) # to control the nmargin size
par (cex. | ab=2, cex. axi s=1. 6, | wd=1, | t y=1)

pl ot (xyz[, 1], xyz[,2],type="1",xl ab="t",ylab="x(t)", # x(t) vs t
xlimeec(tinit,tfin),ylimec(-30,30))

pl ot (xyz[, 1], xyz[, 3], type="1",xl ab="t",ylab="y(t)", # y(t) vs t
xlimee(tinit,tfin),ylimec(-30,30))

pl ot (xyz[, 1], xyz[, 4], type="1",xl ab="t",ylab="z(t)", # z(t) vs t
xlimec(tinit,tfin),ylim=c(0, 50))

wi ndows ()

# phase space portrait

require(scatterpl ot 3d)
scatterplot3d(xyz[, 2], xyz[, 3], xyz[, 4], type="1", xlim=c(-30, 30),
cex. | ab=1. 4, cex. axi s=1. 2)

trans<- 2000 # integration tinme step considered as transient
discard initial transient:

<- wi ndow xyz[, 2], trans)

<- wi ndow xyz[, 3], trans)

<- wi ndow xyz[, 4], trans)

t _start<- trans*step - step # newinitial tine
t_time<-seq(t_start,tfin,by=step) # newtine interva

wi ndows ()

par (nfrow=c(3,1))
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par (mar = ¢(6.3, 4.8, 1., 3))
par (cex. | ab=2, cex. axi s=1. 6, | wd=1, | t y=1)
# x(t), y(t), z(t) after the transient:

plot(t_tinme,x,type="1",xlab="t",ylab="x(t)",
xlimee(t _start,tfin),ylimec(-30,30))
plot(t _tine,y,type="I",xlab="t",ylab="y(t)",
xlimee(t _start,tfin),ylimec(-30,30))
plot(t_tinme,z, type="1",xlab="t",ylab="2z(t)",

xlimec(t_start,tfin),ylimc(0 ,50))

m nmax<- 6 # enbeddi ng di nensions: from1l to m max
d<- 18 # tentative tine delay (see bel ow)

tw<- 100 # Theil er w ndow

rt<- 10 # escape factor

eps<- sd(x)/10 # nei ghbourhood di aneter

fn <- fal se.nearest(x, mnmax,d,tw,rt, eps)

fn

wi ndows ()

pl ot (fn)

wi ndows ()

| mx- 60 # largest |ag

mut ual (x,lag.max = I m) # average nutual infornmation to suggest d

# enbeddi ng Procedure

m- 3 # choose enbeddi ng di mensi on

d<- 10 # choose tinme delay (d<- 10)

Xyz <- enbedd(x,md) # enbed the ’'observed series
wi ndows()

scatterplot3d(xyz, type="1")

wi ndows ()

n<- 800

par (mai =c(1. 02, 1.,0.82,0.42)+0. 1)

plot (0, 0,type="n",xlab="i",ylab="j", xlim=c(1,n),ylim=c(1,n),cex.lab=1.6, cex.axis=1.2

fam | y="Ti mes", font.| ab=3)
di st x<- matrix(,n,n)
eps<- 5
Xx<- xyz[, 1]
yy<- xyz[, 2]
zz<- xyz[, 3]
for(i in 1:n){ # construction of the threshol ded recurrence pl ot
for(j in 1.n){
distx[i,j]l<- sqgrt( (xx[i]-xx[jI1)"2 + (yy[i]l-yy[il)"2 + (zz[i]-zz[j])"2 ) # Euclidear
i f(distx[i,]j]<eps) points(i,j,pch=19, cex=0.01)
}
}

tinme<- seq(1l:n)

wi ndows ()

par (mai =c(1. 02, 1.,0.82,0.42)+0. 1, cex. | ab=1. 6, cex. axi s=1. 2)
require(gpl ots)

di st x<- di st x/ max(di st x)

di st x<- 1-distx

# unt hreshol ded recurrence pl ot



#filled. contour(tine,tine,distx,col=col orpanel (10, "white", "black"), nl evel s=10,
filled.contour(tinme,tine,distx,col=gray.colors(10, start=1, end=0), nl evel s=10,
xlab = "i", ylab ="j", main = "",xlim=c(0,n),ylimc(0,n),I|as=0,

key. axes = axis(4, las=1) )

# MCLE: maxi mum characteristic Lyapunov exponent (Kantz)

S nu <- lyap_k(x, m3,d=10,t =20, k=6, ref =5000, s=600, eps=5)

wi ndows ()

par (mai =c(1. 02, 1.,0.82,0.42)+0. 1)

pl ot (S nu, xl ab = expression(paste(nu)), yl ab=expressi on(paste("S", (nu))),
I wd=2, | ty=1, cex=1.5)

| mn<- 80

| max<- 280

abline(v=lmn,|ty=4,1wd=2, col ="bl ack") # to add the vertical lines delimting the |
abl i ne(v=l max, | ty=4, | wd=2, col =" bl ack")

Ir<- S nu[lmn: | max] # output of lyap k(.) in [Imn, |mx]

| Ir<- length(lr)-1

I t<- seq(lmn+step, | maxxstep, by=st ep)

Im(lr~lt) # regression analysis in R
abline(lyap(S nu, I mn,|mx),|ty=2,1wd=2, col ="bl ack")

# estimate of D2

C. m<- d2(x, m=6,d=10,1t =100, eps. n n=0. 01, neps=100) # correlation integral, m= 1,
C.m<- data.frane(unclass(C n)) # class attribute renoved

C. 3 <- subset(C.meps > 0.1 & eps < 1.2, select=c(eps,nB)) # eps in [0.1, 1.2]

I m(log(nB) ~ log(eps), data = C. 3) # D2 estimate with nme3

wi ndows () # if other plots are made before

par (mai =c(1. 02, 1.,0.82,0.42) +0. 2)

plot(Cni,1],Cni, 4], type="1",10g="xy", mai n=""

x| ab=expr essi on(past e(epsilon)), yl ab=expressi on(paste(w dehat (C), (epsilon))),
I wd=2, | ty=1, cex. axi s=1. 3, cex. |l ab=2.0, xlimec(0.01,100), ylimc(0.00000002, 1))

# stop here to plot only C(nme3)
AR R R R R R

# add the lines belowto plot C(ml,...,6)
n.n<- ncol (C.n
for(i in (n.m0):2) lines(C.ni,c(1,i)],!|wd=2)

Some comments are in order. We repeat that the length of tiesdget f i n/st ep
(tinit=0).So,ift fi n=100, the series contains 10000 “observations”. Actudlip0+
1, including the starting point = 0. The Lorenz original paeters arer = 10, 5 = 8/3,
p = 28, as used in the book. However, we find in the literature alse 16, 5 = 4,
p = 45.92. With these values, it results= 1.54, linear region =60, 160] andk (nfin) =
8; withk =3, itis \ = 1.46.

Rossler attractor

In 1976 Otto Eberhard Rdssler published the pajeEquation for Continuous Chaos
(Physics Letters, 57A, 397-398). He modeled a chemicaltimaenechanism with the
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system of three coupled differential equations:

de/dt = —(y+2)
dy/dt = z+ay
dz/dt = b+ z(z—¢)

Note that the first two equations are linear, while the onlglimear term is in the third
equation, that is x .

In the original article the parameters have the followinigiga:a = 0.20,b = 0.20, ¢ =
5.70. In the literature we find also other values,for which theeysis chaotic, for instan-
ce:a = 0.10,b = 0.10,c¢ = 14. In the packagé ser i esChaos, the functionros-
sler.systuses.a = 0.15,b = 0.20, ¢ = 10, perhaps these values are the most commonly
used, as we do in the following code. The code is reportedibdts structure is the sa-
me as the codeor enz attractor: Conpl et e, butsome graphical parameters are
changed.

Exercise: Study the Rdssler system with the code below. The readasacouraged
to explore what happens by varying the values df c.

Solution: Run the coddrossl er attractor: Conpl et e The reader will rea-
lise how the choice of the parameters to estimate the MCLE/anid delicate.

# Rossler attractor: Conplete

i brary(tseriesChaos)

parns<- c¢(0.15,0.20,10) # paraneters: a, b, c
tinit<- 0

tfin<- 650

step<- 0.1

tinmes<- seq(tinit,tfin,by=step)

funct<- function(t,integ, parns){
x<-integ[1]

y<-integ[ 2]

z<-integ[ 3]

a<- parns[ 1]

b<- parns[ 2]

c<- parns[ 3]

dx<- -(y+z) # that is dx/dt
dy<- x+a*y # that is dy/dt
dz<- b+z*x(x-c) # that is dz/dt
I'ist(c(dx,dy,dz))

-(y+2)
x+ay
b+z(x-c)

} # end of funct
require(deSol ve)
cinit<-c(0,0,0)
xyz<-lsoda(cinit,tines,funct, parns)
#xyz # coment if you do not wi sh the xyz val ues printed
par (nfrow=c(3,1))
par (mar = ¢(6.3, 4.8, 1., 3))
par (cex. | ab=2, cex. axi s=1. 6, | wd=1, | t y=1)

pl ot (xyz[, 1], xyz[,2],type="1",xl ab="t",ylab="x(t)", # x(t) vs t
xlimec(tinit,tfin),ylimec(-30,30))
pl ot (xyz[, 1], xyz[, 3], type="1",xl ab="t",ylab="y(t)", # y(t) vs t
xlimec(tinit,tfin),ylimec(-30,30))
pl ot (xyz[, 1], xyz[, 4], type="1",xl ab="t",ylab="z(t)", # z(t) vs t
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xlimec(tinit,tfin),ylinmec(0,50))

wi ndows ()

# phase space portrait

require(scatterpl ot 3d)
scatterplot3d(xyz[, 2], xyz[, 3], xyz[, 4], type="I1", xl i mec(-20, 20),
cex. | ab=1. 4, cex. axi s=1. 2)

wi ndows ()

par (mai =c(1. 02, 1.,0.82,0.42)+0. 1)

pl ot (xyz[, 2], xyz[, 3], type="p", pch=20, cex=0. 7, xl ab="x(t)",ylab="y(t)",
cex. |l ab=1.5, cex. axis=1.2,Iwd=3,1ty=1, xlimrc(-1.5,1.5),ylimc(-1,1))

trans<- 1000 # integration time step considered as transient
discard initial transient:

<- wi ndow xyz[, 2], trans)

<- wi ndow xyz[, 3], trans)

<- wi ndow xyz[, 4], trans)

t _start<- trans*step - step # newinitial tine
t_time<-seq(t_start,tfin,by=step) # newtine interva
wi ndows ()

par (nfrow=c(3,1))

par (mar = ¢(6.3, 4.8, 1., 3))

par (cex. | ab=2, cex. axi s=1. 6, | wd=1, | t y=1)

# x(t), y(t), z(t) after the transient:

N < X 3

plot(t_tinme,x,type="I1",xlab="t",ylab="x(t)",
xlimec(t_start,tfin),ylimec(-30,30))
plot(t _tine,y,type="I",xlab="t",ylab="y(t)",
xlimee(t _start,tfin),ylimec(-30,30))
plot(t_tinme,z, type="I1",xlab="t",ylab="2z(t)",

xlimec(t_start,tfin),ylimc(0 ,50))

wi ndows ()

par (mai =c(1. 02, 1.,0.82,0.42)+0. 1)

pl ot (x,y, type="p", pch=20, cex=0. 7, x| ab="x(t)",ylab="y(t)",
cex.lab=1.5, cex. axi s=1. 2, wd=2, I ty=1, xlimec(-1.5,1.5),ylimec(-1,1))

m nmax<- 6 # enbeddi ng di nensions: from1l to m nax
d<- 40 # tentative tine delay (see bel ow)

tw<- 100 # Theil er w ndow

rt<- 10 # escape factor

eps<- sd(x)/10 # nei ghbour hood di anet er

fn <- fal se.nearest(x, mnmax,d,tw,rt, eps)

fn

wi ndows ()

pl ot (fn)

wi ndows()

| mz- 60 # largest |ag

nmut ual (x,lag.max = I m) # average nutual information to suggest d

# enbeddi ng Procedure

m- 3 # choose enbeddi ng di mensi on
d<- 10 # choose tine del ay

xyz <- enbedd(x, md) # enbed the 'observed’ series
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wi ndows ()
scatterplot3d(xyz, type="1")

wi ndows ()

n<- 800

par (mai =c(1. 02, 1.,0.82,0.42)+0. 1)

plot(0,0,type="n",xlab="i",ylab="j", xlimec(1,n),ylimec(1,n),cex.|ab=1.6, cex.axis=1.2

fam | y="Ti mes", font.| ab=3)
di st x<- matrix(,n,n)
eps<- 5
Xx<- xyz[, 1]
yy<- xyz[, 2]
zz<- xyz[, 3]
for(i in 1:n){ # construction of the threshol ded recurrence pl ot
for(j in 1:n){
distx[i,j]l<- sqgrt( (xx[i]-xx[jI1)"2 + (yy[i]l-yy[il)"2 + (zz[i]-zz[j])"2 ) # Euclidear
i f(distx[i,j]<eps) points(i,j,pch=19, cex=0.01)
}
}

# unt hreshol ded recurrence pl ot

tinme<- seq(1l:n)

wi ndows ()

par (mai =c(1. 02, 1.,0.82,0.42)+0. 1, cex. | ab=1. 6, cex. axi s=1. 2)

require(gplots)

di st x<- di st x/ max(di st x)

di st x<- 1-distx
filled.contour(time,tine,distx,col=gray.colors(10, start=1, end=0), nl evel s=10,
xlab ="i", ylab ="j", main = "",xlim=ec(0,n),ylimc(0,n),Ilas=0,

key. axes = axis(4, las=1) )

# MCLE: nmaxi num characteristic Lyapunov exponent (Kantz)

S nu <- lyap_k(x, n=3,d=10,t =20, k=6, r ef =5000, s=600, eps=5)

wi ndows()

par (mai =c(1. 02, 1.,0.82,0.42)+0. 1)

pl ot (S nu, xl ab = expression(paste(nu)), yl ab=expression(paste("S", (nu))),
I wd=2, | ty=1, cex=1.5)

| mn<- 80

| max<- 280

abline(v=lmn,|ty=4,1wd=2, col ="bl ack") # to add the vertical lines delimting the
abl i ne(v=l max, | ty=4, | wd=2, col =" bl ack")

Ir<- S nu[lmn: | max] # output of lyap k(.) in [Imn, |nmx]

| Ir<- length(lr)-1

I t<- seq(lm n+step, | maxxstep, by=st ep)

Ilm(lr~lt) # regression analysis in R
abline(lyap(S nu, I mn,|mx),|ty=2,1wd=2, col ="bl ack")

# estimate of D2
C. m<- d2(x, nme6,d=10, t =100, eps. m n=0. 01, neps=100) # correlation integral, m=1

C.m<- data.frane(unclass(C nm) # class attribute renoved
C. 3 <- subset(C.meps > 0.8 & eps < 6, select=c(eps,nB)) # eps in [0.8, 6]
I m(log(nB) ~ log(eps), data = C. 3) # D2 estimate with nme3



wi ndows () # if other plots are namde before

par (mai =c(1. 02, 1.,0.82,0.42) +0. 2)

plot(C.ni,1],Cni, 4], type="1",1o0g="xy", mai n="",

x| ab=expr essi on( past e(epsilon)), yl ab=expressi on(paste(w dehat (C), (epsilon))),
I wd=3, | t y=1, cex. axi s=1. 3, cex. |l ab=2.0, xlimec(0.01,100), ylimc(0.00000002, 1))

# stop here to plot only C(ne3)
HAHHH B R HHHH R HHH R R AR AR AR

# add the lines belowto plot C(nml,...,6)
n.n<- ncol (C. n
for(i in (n.m0):2) lines(C.n{,c(1,i)],lwd=2,1ty=2)

The code yields the following figures:
1. Solutions of the Rdssler equations.
2. Phase space portrait of the chaotic attractor.

3. Projection of the trajectory in the three-dimensionahg#h space onto the:, y)
plane

4. As the first figure, but without the transient.

5. Projection of the trajectory in the three-dimensionahgeh space onto the:, y)
plane without the transient.

6. Percentage of false nearest neighbours as a functiore @ntibedding dimension,
for the “observed” series.

7. The average mutual information as a function of the lagtHe “observed” series
X.

8. Plot in the reconstructed phase space of the Rosslegstedtractor.
9. Thresholded recurrence plot.
10. Unthresholded recurrence plot.

11. Evolution of the logarithm of the mean distarftfe’) as a function of the time step
V.

12. Estimated correlation integral with the embedding disien fromm = 1 tom =
6.

The estimates of the invariants result to.be- 0.075 and D, = 1.90. With the original
parameters = 0.20,b = 0.20, ¢ = 5.70, the invariants are slightly differenk = 0.071
andf)g =1.82

You can experiment the effect of the noise by adding the sasteuictions as we did
inthe codd orenz attract or.Recall that for the normal distribution the linexs-
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X + rnornm(l engt h(x), 0, sd(x)/w) (see p. 74), where sd(x) is the standard de-
viation of the series. You can simulate different noise nhofde instance, based on the
uniform distribution.

Duffing attractor

The Duffing oscillator describes the motion of a particle ibna-well potential, with
damping and a periodic driving force:

de/dt = y
dy/dt = x(1 —2?) — cy + F cos(z)
dz/dt = w

wherex is the position and the velocity of the particle; = wt is the phase and’ the
amplitude of the driving force, respectivelyjs the damping term. For a discussion on
the Duffing system see De Souza-Machado etfaherican Journal of Physics, 58, 321
(1990). As the damped driven pendulum (Sect 4.5) the Duffyistesn displays a variety
of behaviours by varying the parameters. For instance, ixaaddw (¢ = 0.5, w = 1),
with F' = 0.325 the system converges to a period 1 limit cycleFlfs increased further,
(e.g.,F = 0.34875 a period doubling occurs, finally faf = 0.42 the system displays a
chaotic behaviour.

Exercise: Study the Duffing system with the code below. The readesis@hcouraged
to explore what happens by varying the valuesof’, c.

Solution: Runthe cod®uf fing attractor: Conpl et e.Here the code is writ-
ten for the chaotic regime{ = 0.42).

# Duffing attractor: Conplete

I'i brary(tseriesChaos)

parns<- c¢(0.5,1,0.42) # paraneters: ¢, w, F
# F=0.325 period 1; F=0.34875 period 2; F=0.42 chaos
tinit<- 0

tfin<- 650

step<- 0.1

tinmes<- seq(tinit,tfin,by=step)

funct<- function(t,integ, parns){

x<-integ[ 1]

y<-integ[ 2]

z<-integ[ 3]

c<- parns[ 1]

w<- par nms[ 2]

F<- parns[ 3]

dx <- vy

dy <- x*(1-x"2) - c*y + Fxcos(z)
dz <- w

I'ist(c(dx,dy,dz))
} # end of funct
requi re(deSol ve)
cinit<-c(0,0,0)
xyz<-lsoda(cinit,tines,funct, parns)
#xyz # comment if you do not wi sh the xyz val ues printed
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par (nfrow=c(2,1))
par (mar = ¢(6.3, 4.8, 1., 3))
par (cex. | ab=2, cex. axi s=1. 6, | wd=1, | t y=1)

pl ot (xyz[, 1], xyz[,2],type="1",xl ab="t",ylab="x(t)", # x(t) vs t
xlimee(tinit,tfin),ylimec(-1.5,1.5))

pl ot (xyz[, 1], xyz[, 3], type="1",xl ab="t",ylab="y(t)", # y(t) vs t
xlimee(tinit,tfin),ylinmec(-1,1))

#pl ot (xyz[, 1], xyz[, 4] ,type="1",xl ab="t",ylab="2z(t)", # z(t) vs t
#xlimec(tinit,tfin),ylimc(0,50))

wi ndows ()

# phase space portrait

require(scatterpl ot 3d)
scatterplot3d(xyz[, 2], xyz[, 3], xyz[, 4], type="1", #xlimec(-10, 20),
cex. | ab=1. 4, cex. axi s=1. 2)

wi ndows ()

par (mai =c(1. 02, 1.,0.82,0.42)+0. 1)

pl ot (xyz[, 2], xyz[, 3], type="p", pch=20, cex=0. 7, x|l ab="x(t)", yl ab="y(t)",
cex.lab=1.5, cex. axi s=1.2, wd=3, I ty=1,xlimec(-1.5,1.5),ylimec(-1,1))

trans<- 2000 # integration tinme step considered as transient
discard initial transient:

<- wi ndow xyz[, 2], trans)

<- wi ndow xyz[, 3], trans)

<- wi ndow xyz[, 4], trans)

t_start<- trans*step - step # newinitial tinme
t_time<-seq(t_start,tfin,by=step) # newtine interva
wi ndows ()

par (nfrow=c(2,1))

par (mar = c(6.3, 4.8, 1., 3))

par (cex. | ab=2, cex. axi s=1. 6, | wd=1, | t y=1)

# x(t), y(t), z(t) after the transient:

plot(t _tine,x,type="I",xlab="t",ylab="x(t)",

xlimec(t _start,tfin),ylinFc(-1.5,1.5))
plot(t_tinme,y,type="1",xlab="t",ylab="y(t)",
xlimec(t_start,tfin),ylinec(-1,1))

#plot(t _tine,z, type="I1",xlab="t",ylab="2z(t)",
#xlimec(t _start,tfin),ylim=c(0 ,50))

N < X H#

wi ndows()

par (mai =c(1. 02, 1.,0.82,0.42)+0. 1)

pl ot (X, y, type="p", pch=20, cex=0. 7, x| ab="x(t)",ylab="y(t)",

cex. |l ab=1.5, cex. axis=1.2,Iwd=2,1ty=1, xlimrc(-1.5,1.5),ylimc(-1,1))

m max<- 6 # enbeddi ng di nensions: from1l to m nmax
d<- 40 # tentative tine delay (see bel ow)

tw<- 100 # Theil er w ndow

rt<- 10 # escape factor

eps<- sd(x)/10 # nei ghbour hood di aneter

fn <- fal se.nearest(x, mnmax,d,tw,rt, eps)

fn

wi ndows ()

pl ot (fn)



wi ndows ()
| mx- 60 # largest |ag
mut ual (x,lag.max = I m) # average nutual information to suggest d

# enbeddi ng Procedure

m<- 3 # choose enbeddi ng di nensi on
d<- 24 # choose tine del ay

xyz <- enbedd(x,md) # enbed the 'observed series
wi ndows ()

par (mai =c(1. 02, 1.,0.82,0.42)+0. 1)
pl ot (xyz[, 2], xyz[, 3], type="p", pch=20, cex=0. 7, x|l ab="x(t)", yl ab="y(t)",
cex. |l ab=1.5, cex. axis=1. 2, wd=3, I ty=1, xl i mrc(-1.5,1.5),ylinrc(-2,2))

wi ndows()

n<- 1000

par (mai =c(1. 02, 1.,0.82,0.42)+0. 1)

plot(0,0,type="n",xlab="i",ylab="j", xlimec(1,n),ylimec(1,n),cex.|ab=1.6, cex.axis=1.2

fam | y="Ti nes", font.| ab=3)
di st x<- matrix(,n,n)
eps<- 1
Xx<- xyz[, 1]
yy<- xyz[, 2]
zz<- xyz[, 3]
for(i in 1:n){ # construction of the threshol ded recurrence pl ot
for(j in 1:n){
distx[i,j]l<- sqgrt( (xx[i]-xx[j]1)"2 + (yy[i]l-yy[il)"2 + (zz[i]-zz[j])"2 ) # Euclidear
i f(distx[i,j]<eps) points(i,j,pch=19, cex=0.01)
}
}

# unt hr eshol ded recurrence pl ot

tinme<- seq(1l:n)

wi ndows ()

par (mai =c(1. 02, 1.,0.82,0.42)+0. 1, cex. | ab=1. 6, cex. axi s=1. 2)

require(gpl ots)

di st x<- di st x/ max(di st x)

di st x<- 1-distx
filled.contour(tinme,tine,distx,col=gray.colors(10,start=1, end=0), nl evel s=10,
xlab ="i", ylab = "j", main = "",xlim=ec(0,n),ylim=c(0,n),I|as=0,

key. axes = axis(4, las=1) )

# MCLE: nmaxi num characteristic Lyapunov exponent (Kantz)

S nu <- lyap_k(x, n=3, d=24,t =50, k=5, ref =4200, s=400, eps=5)

wi ndows ()

par (mai =c(1. 02, 1.,0.82,0.42)+0. 1)

pl ot (S nu, xl ab = expressi on(paste(nu)), yl ab=expressi on(paste("S", (nu))),

I wd=2, | ty=1, cex=1.5)

I min<- 60

| max<- 160

abline(v=lmn,|ty=4,1wd=2, col ="bl ack") # to add the vertical lines delimting the
abl i ne(v=l max, | ty=4, | wd=2, col =" bl ack")

Ir<- S nu[lmn: | max] # output of lyap k(.) in [Imn, |mx]

10



| Ir<- length(lr)-1

I t<- seq(lm n*step, | max*step, by=st ep)

Ilm(lr~lt) # regression analysis in R
abline(lyap(S_ nu, I mn,|mx),|ty=2,1wd=2, col ="bl ack")

# estimate of D2

C. m<- d2(x, m=6,d=30, t =50, eps. m n=0. 005, neps=100) # correlation integral, m=1,.
C.m<- data.frane(unclass(C n)) # class attribute renoved

C. 3 <- subset(C.meps > 0.08 & eps < 0.8, select=c(eps,nB)) # eps in [0.08, 0.8]

I m(log(nB) ~ log(eps), data = C. 3) # D2 estimate with nme3

wi ndows () # if other plots are nmde before

par (mai =c(1. 02, 1.,0.82,0.42) +0. 2)

plot(C.ni,1],Cni, 4], type="1",1o0g="xy", mai n="",

x| ab=expr essi on( past e(epsilon)), yl ab=expressi on(paste(w dehat (C), (epsilon))),
I wd=2, | ty=1, cex. axi s=1. 3, cex. | ab=2.0, xlimec(0.004, 100), ylim=c(0.000001, 1))

# stop here to plot only C(ne3)
HHHHH B R HHHH R HHH R AR AR AR R

# add the lines belowto plot C(ml,...,6)
n.n<- ncol (C. n
for(i in (n.m0):2) lines(C.n{,c(1,i)],lwd=2,1ty=1)

The analogous figures resulted from the cBdesl er attractor: Conpl et e for
the Rossler attractor, are yielded by the cddd fing attractor: Conplete.
The estimates of the invariants result toe 0.105 and D, = 2.12.

Notice that in the figure concerning the average mutual m&ron as a function of
the lag, the minimum is for the: = 4, even though the values fat = 3 andm = 5 are
almost equal. So we have chosen= 3, however in similar cases, it is cautious to run
the code also withn = 4. In this case, the estimates of the invariants are a@aﬂﬂ.l%
andD, = 2.12.

More on Duffing attractor

We have written that the Duffing oscillator describes theiamoof a particle in a two-well
potential.

Exercise: Plot this potential

Solution: We see that the second equation of the system eqn (1) is thioNé = ma
plus the damping and the driving force. Therefore, we have:

dU(x)
F,=x2(1—2%) =—
(1 —x%) 1
SO ) A
T T
U = ——4 — 1
(1) = =5+ (1)
depicted in Fig. 1 by the code:
# Duffing oscillator potential: #U(x) = - x"2/2 + x"4/4
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duff.pot <- function(x) - x"2/2 + x"4/4
par (mar = ¢(6.3, 4.8, 1., 3))

curve(duff.pot,type="1", cex.|ab=2, cex. axi s=1.5, 1 wd=3, font. | ab=3,
xlab = "x",ylab = "U(x)", xlimec(-2,2),ylimec(-0.3,0.5),tck=-.02)
I'i brary(Hm sc) # to add minor tick nmarks

m nor.tick(nx=5, ny=2, tick.ratio=0.5)

0.4

U(x)
0.2

0.0
!

I B S L B S S B A

-2 -1 0 1 2
X
Figure 1 Duffing oscillator potential/ (x)

There are twatable fixed points att = —1 andx = +1 and oneunstable fixed point at
x = 0. When the system is in the limit cycles regime is either in“te& well” or in the
“right well”, depending on the initial conditions, but castrbounce between the wells.

Exercise: Study the Duffing system in periodic regime

Solution: The code belowbuf fing attractor: Limt cycle, is the code
Duf fing attractor: Conpl eteuptotheling rans<- 2000 # integration
time step considered as transi ent excluded, butwith a second initial point.
Note that now the parameters grar ns<- c¢(0.5, 1, 0. 325).

# Duffing attractor: Limt cycle

I'i brary(tseriesChaos)

parms<- c¢(0.5,1,0.325) # paraneters: c, w, F
# F=0.325 period 1; F=0.35 period 2; F=0.42 chaos
tinit<- 0

tfin<- 200

step<- 0.2

tinmes<- seq(tinit,tfin, by=step)

funct<- function(t,integ, parns){

x<-integ[ 1]

y<-integ[ 2]

z<-integ[ 3]

c<- parns[ 1]

w<- par nms[ 2]
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F<- parns[ 3]
dx <- vy
dy <- x*(1-x"2) - c*y + Fxcos(z)
dz <- w
l'ist(c(dx,dy,dz))
} # end of funct
require(deSol ve)
cinit<-c(1,1,0)
xyz<-lsoda(cinit,tines,funct, parns)
#xyz # conment if you do not wi sh the xyz val ues printed
par (nfrow=c(2,1))
par (mar = ¢(6.3, 4.8, 1., 3))
par (cex. | ab=2, cex. axi s=1. 6, | wd=1, | t y=1)

pl ot (xyz[, 1], xyz[,2],type="1",xl ab="t",ylab="x(t)", # x(t) vs t
xlimec(tinit,tfin),ylimec(-1.5,1.5))

pl ot (xyz[, 1], xyz[, 3], type="1",xl ab="t",ylab="y(t)", # y(t) vs t
xlimee(tinit,tfin),ylinmec(-1,1))

#pl ot (xyz[, 1], xyz[, 4] ,type="1",xlab="t",ylab="z(t)", # z(t) vs t
#xlimec(tinit,tfin),ylimec(0,50))

wi ndows()

# phase space portrait

require(scatterpl ot 3d)
scatterplot3d(xyz[, 2], xyz[, 3], xyz[, 4], type="I1", #xlimec(-10, 20),
cex. | ab=1. 4, cex. axi s=1. 2)

wi ndows ()

par (mai =c(1. 02, 1.,0.82,0.42)+0. 1)

pl ot (xyz[, 2], xyz[, 3], type="p", pch=20, cex=0. 7, x|l ab="x(t)", ylab="y(t)",
cex.lab=1.5, cex. axis=1.2, wd=3, 1 ty=1, xlimec(-1.5,1.5),ylimec(-1,1))
## second initial point

cinit<-c(-1,1,0)

Xxyz<-lsoda(cinit,tines,funct, parns)

poi nts(xyz[, 2], xyz[, 3], col ="red", pch=1, cex=1)

The projection of two trajectories onto tlie, y) plane is shown in Fig. 2. The plot di-
splays clearly two limit cycles, reached after a transignéf one in the left well and one
in the right well. As we did for others system, we can suppbsg the the first compo-
nent of the system(¢), is the “observed” series and reconstruct the phase sptiee, a
the transient time = 2000. We puf i n<- 400 andst ep<- 0.1, withm = 3 and

d = 12, the reconstructed limit cycle is obtained. You can seerlgle¢he difference bet-
ween the recurrence plots between of the chaotic attrantbttee limit cycle i<- 300
andeps<- 0. 2). Obviously it should be useless to try to search for a pasltyapunov
maximum exponent or a fractional correlation dimension.
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1.0

0.5

y(t)
0.0

T T T T T T T
-1.5 -1.0 -0.5 0.0 0.5 1.0 15

X(t)
Figure 2 Trajectories projected onto the, y) plane of the Duffing system with parameters-
0.5,w = 1, F = 0.325, initial conditions(1, 1,0) (full circles) and(—1,1,0) (open circles).
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