Exercise 7: some pendulum

In the exercises for the ChapterSearching for fixed pointsve study the solutions of li-
near systems of equations. Here we propose some exeragsedirgnonlinearsystems.
From an educational point of view, these exercises sholimAdhose for the Chapter 6,
but since they regard pendula systems they allow us to extenideal simple pendulum
model (with small oscillations) introduced in Sect. 3.2

Ideal pendulum with unlimited oscillations

If the energy of the pendulum is greater than a critical vdltie> 2mgl) the pendulum
is able to spin around in a full circle. This motion is calkedation. In the case in which
the energy is not enough & E < 2mgl), the pendulum oscillates from right to left and
vice versa. This motion is calldibration, from the latinlibra (scale$. Notice that also
the rotation, as the libration, is not uniform. The angukloeity is at its maximum, when
the bob is in the lowest point (position of stable equililbmiand is at its minimum, when
the bob is in its highest point (position of unstable equilitn).

The angles are no longer “small”, so eqn (3.2) becomes

d%z

) +w?sinz =0
or equivalently:
drz
ar Y
dy - _ —w?sinx
dt

Exercise Derive the critical valu&mgl.

Solution Since the pendulum is “ideal”, there are no friction or asistance, so the total
mechanical energy’ of the system is conserved, that is the sum of its kineticgner
E), and potential energy,, remains constant during the motion. Such systems are called
conservativeSince a mass: rotating on a circular trajectory of raly has speed =

[ (d@/dt), the kinetic energy is given by:

Lo, 1 rdON?
B = gme? = gmi* ()
For the potential energy,, see Fig. 3.1. When the bob is at the bottom, thét is 0,
we assume the potential energy to be zero. When the bob isedglath, swinging by an
angled, itis:
E, =mgh = —mg(l —lcosf#) = mgl(1 — cos0)

then:
1, (do)?
E:Ek+Ep:§ml in + mgl (1 — cos0) (1)
also: ,
L, (doN"
§ml <d_t) = FE —mgl (1 —cosf)
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It follows:

de 2

E — mgl(1—cosf) >0

It must be:

that is: B
mgl (1 —cosf) >mgl— E or cosf >1—— (2)
mgl

We are in presence of two conditions. If

E .
1—— < —1 thatis F > 2mgl
mgl

there are no problems, eqgn (2) holds for any valu@ ahd the motion is an illimitate
motion of rotation. Otherwise:

E .
1——>—1 thatis 0< E < 2mgl
mgl

then the solution of eqn (2) exists only with a certain inddéfy < 6 < 6, and the motion
is a limited motion of libration.

Since )
1 — cosf = 2sin® (5)

egn (1) can be rewritten as:

2
E=FE.+E,= 1ml2 (%) + 2mgl sin? (g)

E= %ml2 [ (%) + 4 w? sin? (g) } 3)

To determine the kind of motion, we have to seetif> 2mgl or E < 2mgl. Now,
2mgl = 2mw?1?, so we have to see if

beingw? = g/I
2
(%) + 4 w? sin® (g) >4w? or <4uw? (4)

Exercise Find the fixed points and discuss their stability (instiapjl
Solution To find the fixed points, we solve the system:

dx

— = — O
a 7

d

d_gt/ = —w’sinz = 0



There is the solutiofz*, y*) = (0, 0), but also there are solutions for thosgalues such
thatsin z = 0, that is the solutions are given by:

.oy (=2m,0), (=m,0), (0,0), (+m,0), (+2m,0),...
In general, the fixed points are in:
(z*,y") = (nm,0),n="...,—2,—1,0,+1,42,...

including the solution0, 0). Let us see the stability (instability) of these points. As w
have said for the logistic map (Sect. 2.4), we have to lizeatine system of equations
around the fixed points.

We known that the linear system is given by:

dz
5 = f(z,y) = ax+by
% = g(x,y) = cr+dy

wherea, b, ¢, d are not all zero. If the system is not linear and it is lineagizaround the
fixed point(z*, y*), let z = = — 2* andw = y — y*, it becomes:

dz
= — A B
i Z+ bw
dw
- D
i Cz+ Dw
where: 9 0
4 = f(ax’y) B = w
T ) g o
oo 89(;,3/) D= 89(;,3/)
T e vl
In our case: d
X
% = g(z,y) = —w’sinz
therefore:
o, B —w? (n even _
C = —w*cosx (z*=nm) = { +w? (n odd) p=0
Then:
=,
dt
dw
= 42
dt W~z



These systems of equations are solved througlhieacteristic equatiopas explai-
ned in Appendix C.
N —(a+d))—(ad—bc) =0

The eigenvalues are the roots of this equation:

_a+d (a — d)? + 4bc
)\1—2—|— 5
N = a+d (a — d)? + 4bc

22 2

In our case, the characteristic equation is given by:

>
o
|
0
&
o
S~—
I

0 (n even
A — (+w?) =0 (n odd

As discussed in Sect. 6.2, for the “even” poini8, = —w?, the eigenvalues arg, =
—iw and Ay = +iw, SO the “even” points are centres, nonhyperbolic equiirpoints.
The “odd” points have the eigenvalugs = —w and \; = 4w, so they are saddles,
hyperbolic equilibrium points. The following code depitiie pendulum motions in the
phase space. Rememberis the angle), y is the angular velocitylfd /d¢. The code is
Code 6.1, based dRpackage@haseR(Grayling, 2015), with some small changes to vary
the initial conditions xy0) andw? (onega?2). Only the trajectories in the phase space
are plottedt(r aj ect ory<-traj ectory(.)), while the nullclines (see Section 6.2)
are not computed.

# ldeal pendulum wunlimted oscillations (pend_id_un_o)
I'i brary(phaseR)

#Set paraneters for integration

t.end<- 20 #integrate fromt=0 to t.end

del ta<-0. 05

pend<-function(t,y, paraneters){
x <- y[1]

y < y[2]

a<- paranet er s[ 1]

b<- par anet er s[ 2]

c<- par anet er s[ 3]

d<- par anet er s[ 4]
dy<-nuneric(2)
dy[ 1] <- ax*x+b*y
dy[ 2] <- c*sin(x)+d*y
I'ist(dy)

}

# ROTATI ON

onmegaz2<- 1.

par ms<-c(0, 1, - onega2, 0) #paraneter val ues
X0<-c(-4*pi, 4xpi)

y0<-c(4,-4)

xy0<-chi nd(x0,y0) #initial conditions



plot(0,0,type="n" ,xlimec(-4.5*pi,4.5«pi),ylimc(-5,5),

cex. axi s=1. 2, cex. | ab=1.5, font. | ab=3, x| ab="x", yl ab="y")
trajectory<-trajectory(pend, yO=xy0,t.end=t.end,t.step=delta, paranet er s=par ns,
I wd=3, 1 t y=2, col our =rep("bl ue", 2), add=TRUE)

onega2<- 1.01

par ns<-c(0, 1, - onega2, 0) #paraneter val ues

del t a<- 0. 05

X0<-c(-4xpi, 4xpi)

y0<-c(2.2,-2.2)

xy0<-chi nd(x0,y0) #initial conditions
trajectory<-trajectory(pend, yO=xy0,t.end=t.end, t.step=delta, paranet er s=par ns,
I wd=3, |1t y=2, col our=rep("bl ue", 2), add=TRUE)

# LI BRATI ON

onega2<- 2.5

par ms<-c(0, 1, - onega2, 0) #paraneter val ues

t.end<- 100

del t a<-0. 05

X0<-c(1-4xpi, 1-2*pi, 1, 1+2+pi, 1+4*pi)

yO<-c(1,1,1,1,1)

xy0<- cbi nd(x0,y0) #initial conditions

trajectory<-trajectory(pend, yO=xy0,t.end=t.end,t.step=delta, paranet er s=par ns,
I wd=2, 1 ty=1, col our=rep("bl ack", 5), add=TRUE)

onega2<- 0.5

par ns<-c(0, 1, -onega2, 0) #paraneter val ues

t.end<- 20

del ta<-0. 05

x0<-c(1-4*pi, 1-2xpi, 1, 1+2+pi, 1+4=pi)

yO<-c(1,1,1,1,1)

xy0<-chi nd(x0,y0) #initial conditions

trajectory<-trajectory(pend, yO=xy0,t.end=t.end,t.step=delta, paranet er s=par ns,
I wd=2, 1 ty=1, col our=rep("bl ack", 5), add=TRUE)

# SEPARATRI X

onegaz2<- 1

par ms<-c(0, 1, - onega2, 0) #paraneter val ues

t.end<- 100

del ta<-0. 05

x0<-c(-5*pi,-3xpi,-pi,pi, 3*pi, 5*pi)

y0<-c(0. 001, 0. 001, 0. 001, - 0. 001, - 0. 001, - 0. 001)

xy0<- cbi nd(x0,y0) #initial conditions

trajectory<-trajectory(pend, yO=xy0,t.end=t.end,t.step=delta, paranet er s=par ns,
I wd=2, 1 ty=3, col our=rep("red", 2), add=TRUE)

seq_pi e<-seq(-4*pi, 4+pi, by=2+pi) # even
seq_pi e
poi nt s(seq_pi e, rep(0,5), col ="bl ack", pch=19, cex=0. 8)
seq_pi o<-seq(-5*pi, 5+«pi, by=2+pi) # odd
seq_pi o

segnent s(seq_pi o, -5, seq_pi o, 5, col ="green3", | wd=2, | t y=4)
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Figure 1 shows the result. From an overall view, it appeamat the periodicity inc
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Figure 1 Phase portrait of some trajectories of the ideal penduluth wilimited oscillations.
The solid curves refer to libration motions, the dashedesite rotation motions, the dotted curves
represent separatrices; centres are plotted as blackddsts;dot lines cross the horizontal axis at
saddle points. The small circles indicate the startingtgoin

and the symmetry around theandy axes. In fact, no physical difference exists between
states with angles that differ [ and between statés, y) and(—x, —y). As we found
above, the points d2n, 0) are centres, if the pendulum is in the stélig0), it is at rest,
remaining there forever. Also the points(@&n + 1)x, 0) are equilibrium points, but with
unstable equilibrium (saddles). In these points the pamdus at the inverted position,
the bob is standing at the top, and being the pendulum ideil) stay there forever.

If a tiny perturbation is applied to the bob, from both edurilim states the pendulum
begins to swing. If it is slightly pushed from its stable didpium point (at rest at the
bottom) the trajectories are like those we have seen foritiead system, that is nearly
ellipses (see Fig. 3.2). Mathematically, it means that. 2mgl. Figure 1 shows two of
such trajectories with continuous lines. To show the pécitdin z, the initial points are
chosen with the samg, and at even multiples af. Physically, it means that the initial
angular velocitiesld /dt¢ are all the same, while the initial anglévary periodically with
period 2. In other words, the angleésandf + 2x, 6 + 4x,..., and also..., 0 — 4,

0 — 27 are equivalent, indicating the same position of the bob. Asresequence, it is
sufficient to study the dynamics of the system in the intefval, +7], as we have done
in Sect. 4.5, where the damped driven pendulum is discu¥éetiave seen that when the
trajectory crosses the left boundaryr, it is translated from left to right inté—m, +].
The parameter? (onega?2) is equal to 2.5 and 0.5. In the latter case, the ellipsisasare
to a circle.



If we push the bob with more thrust/(> 2mgl), the system assumes a rotation mo-
tion. In this case the angular velocity is never zero, neitbexz = 0, nor forz = +.

In the phase space, this behaviour is depicted by dashes] toeresponding to diffe-
rent initial conditions and different?. Fory > 0, the direction is to the right, while for
y < 0, it is to the left (see also the small circles indicating therting points). There is
no physical difference if the pendulum rotates in the closlkewdirection or in the coun-
terclockwise direction, this means that the motion of thedudum isreversible property
holding in general for conservative systems. Imagine tantibe stateg —3r, 3.4641), if
the sign of the angular velocity is instantaneously chantiedsystem jumps in the state
(—3m, —3.4641), symmetric to the former with respect to thexis. All the states visited
in the left-to-right motion are visited with the same angulalocity in the right-to-left
motion. From this property a new symmetry emerges, calgdmetry of time reversal
Indeed, changing the sign of the angular velo¢igy— —y), from a physical point of
view is equivalent to change the sign of tinte-§¢ —t).

Let us turn to the pendulum at the unstable equilibrium p@int). In this position,
the energy is exclusively potential energy equalieyl. Suppose to give an infinitesimal
blow, without changing the energy. The pendulum will begirswing, and it will return
to the top and stop there. But it would be necessary an infimte to complete such
a trajectory which starts from a saddle point and returns $adtle point. This tipe of
trajectories are the separatrices represented in Fig.Hldwsited lines. The separatrix is a

pure ideal trajectory of an ideal pendulum.
We can write the energ¥ of the system (eqn (3)) adding the lines

Enmec<- yO[k]”"2 + 4xonmega2+(sin(x0[k]/2))"2
Enec

with k equal to 1, 2. Thus we can checkhAf < 2mgl or E > 2mgl (eqn (4)). In the
“separatrix condition”, withv? = 1 and with the initial conditions reported in the code,
it resultsEmec = 4. 000, as it must be. Note that the values of the initial angd®s
are thex-coordinate of the saddle points, while the absolute vaddi¢ise initial angular
velocitiesy O are all the same and very near to zero.

If the nullclines along with the velocity field are wanted, heve to add the functions
flowField andnullclines. Given the linear systerdz/dt = f(z,y),dy/dt = g(z,y),
recall (Sect. 6.2) that the-nulicline is the set of points in the phase plane whergdt =
0. Geometrically, these are the points where the vectorseateal, going either upward
or downward. Similarly, thg-nullcline is a set of points whert, /dt = 0. Geometrically,
these are the points where the vectors are horizontal, gitingr to the left or to the right.

At fixed points, the nullclines intersect, that is wheie, y) = g(z,y) = 0.

With the functionstability, we can check the type of equilibrium points. Both the
andy variables are plotted as a function of time, with the funttmmericalSolution.
The code is reported below, one trajectory of libration mois also computed.

# ldeal pendulum wunlimted oscillations (pend_id un_o_1).
# trajectory of libration notion are plotted;

# nullclines and velocity field are plotted;

# equilibriumpoints are classified;

# x and y variables are plotted as a function of the tine.



I'i brary(phaseR)
pend<-function(t,y, paraneters){
X <- y[1]

y <- y[2]

a<- paranet er s[ 1]

b<- par anet er s[ 2]

c<- paranet er s[ 3]

d<- par anet er s[ 4]
dy<- nuneric(2)
dy[ 1] <- ax*x+b*y
dy[ 2] <- c*sin(x)+d*y
I'ist(dy)

}

# LI BRATI ON

onega2<- 2.5

par ns<-c(0, 1, -onega2, 0) #paraneter val ues

t.end<- 100

del ta<-0. 05

x0<- 0

y0<- 2

xy0<-chi nd(x0,y0) #initial conditions

plot (0, 0,type="n" ,xlimec(-2.5*pi,2.5«pi),ylimc(-10,10),
cex. axi s=1. 2, cex. |l ab=1.5, font. | ab=3, x| ab="x", yl ab="y")
trajectory<-trajectory(pend, yO=xy0,t.end=t.end,t.step=delta, paranet er s=par ns,
I wd=2, | t y=1, col our ="bl ack", add=TRUE)

arrows<-fl owri el d( pend, | wd=2, x. | i mec(-2. 5%pi, 2. 5+pi ), y.linm=c(-10,10),

par anet er s=par s, poi nt s=19, arr ow. head=0. 05, frac=1, col our="gray60", add=TRUE)
nul I <-nul | cli nes(pend, par anet er s=par ns, | wd=2, poi nt s=151
X.limec(-2.5%pi,2.5+xpi),y.limec(-10, 10), col our=c("red", "blue") )

stability.1 <- stability(pend, y.star=c(0,Q), paranet er s=par ns)
stability.2 <- stability(pend, y.star=c(pi/2,0), paraneters=parns)

wi ndows ()

nuneri cal Sol uti on<- nuneri cal Sol uti on(pend, yO=c(1, 1),t.end=20,type="one",t.step=delt
par anet er s=par s, col our=c("green", "orange"),lty=c(1, 2),

ylab="x, y",ylimec(-2.5,2.5),1wd=2, cex. axi s=1. 2, cex. | ab=1.5)

| egend("bottonright", col =c("green", "orange"), | egend=c("x","y"),lty=c(1, 2))

Figure 2 shows the result. Figure 3 shows the afigbe) and the angular velocityd/d¢
(y) as a function of time.

The reader is encouraged to run the code with differentirgbnditions and different
values ofw?, keeping in mind that the dynamics of the system depends| tinesle para-
meters.

Damped pendulum

In Sect. 6.2 we ave studied the behaviour of two-dimensiamedr ODE systems. We ha-
ve seen different equilibria points (stable or unstablefles, foci, centres,saddles. Here
we propose some exercises in which the concepts of Sectrédpalied to the study of
the dynamics behaviour ofraal pendulum, “real” in that the damping of the oscillations

8



8 — > — — e =Y = =T =P > > > > —> —>
- —> —_S—m PP —DS—S >
- > Sy > —S S -
- —> —S—m—-yr PP uDS N -
- = e i S B P A 2 e Y S ¥ o P 4
0 1 - NN A AP —N S
Pdnd NN TP N\
A~ NN~ N NN
r2 7 \\\/)‘ﬁ*\\\\/’f)'
> O o A
LUAN ¥ ¥ |\ K 4 V ¢|N X N S
LN P2 = ha S ¢ ¥ &\ N+
NS & &N SN N oereve —\N\NGewr
ITe) ~ | SN NN e e [N\ NN e
[ (R Y S PURR R W HPSSU MR S R
- -~ e e e~ e} — — |~~~  —
- — e |~ |~ T —
-~ — e e~ — ¢ — — [ — ¢} — —
%—&1— e e~

| | |
-5 0 5

Figure 2 Phase portrait of one trajectory of the ideal pendulum witlinited oscillations in the
libration regime (solid curve). The nullclines and the ety field are also plotted.
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Figure 3 The angled (x) and the angular velocityld /dt (y) as a function of time for one
trajectory of the ideal pendulum with unlimited oscillat®in the libration regime.



(air and/or suspension point friction) is taken into acddsee also Sect. 4.5). Consider

the equation:
d%x dx

- - 2 —_—
T + T +wz=0
or equivalently the system:
o y
b —w?r — 7y
dt

which are as the equations (3.1) and (3.2), that is the ideadlgplum with small oscil-
lations, but with the new termy referring to the damping, calletamping constantn
general, damping forces are very complicated, here we taleryasimple one, that is
proportional to angular velocity.

Exercise Study the dynamical behaviour of the damped pendulum wiidlloscillations.

Solution To write the characteristic equation
N —(a+d))—(ad—bc) =0
consider that:
a=20 b=1

c=—-w? d=-—v
so the characteristic equation is:
M4ty d+w?=0

The general solution is:

z(t) = c; M+ ey e (6)
with: .
)\1’225 —’}/Zl:\/’}/2—4w2

Let us consider the square root.

v? < 4w? — A, A\ complex conjugate
v > 4w? — A, X both< 0

Let us see the first case? < 4w?.
Both \; and )\, are complex number of the typet ib. Now:

et = ¢ (cos b + i sin b)

We can also write:

coswt = = (e 4 e71)

N — N~

sinwt = = (et — g7h)
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Calling a = \/w? — 72, the general solution eqn (6) becomes:
t t
z(t) = c1 e 72 cos (%) + ¢y 72 sin <%>

that is a sine curve modulated by an exponential. The cotsstaandc, are determined
from the initial conditions. With the codeend_r e_soF (real pendulum, small oscilla-
tions towards a focus) we can study the behaviour of the sybtgth in phase space and
in time domain.

Real dunped pendul um small oscillation (pend_re_soF).

as Code 3.1 Ideal pendulum snmall oscillations (pend_id s 0.R

but here with the dunping constant gama=0.25 (towards a focus)
unstabl e focus: gamma<- -0.25, cinit<- ¢(0.001, 0.001);

see al so Real dunped pendulum snall oscillation (pend_re_soN) (node).

HoH HHH

parns<- c(1,2,0.25)

tinit<-0

tfin<-50

step<-0.01

times<-seq(tinit,tfin, by=step)

funct<- function(t,integ,p){ # the system of equations
x<-integ[1]

y<-integ[ 2]

dx<- parms[ 1] *xy

dy<- -parns[ 3] *xy-parns[ 2] *x

I'ist(c(dx,dy))

} # end of funct

requi re(deSol ve)

cinit<- c¢(2,3.5)

xy<-lsoda(cinit,tines,funct, parns)

# to plot different trajectories, you have to choose:
# either in phase space or in tinme domain. Wth two runs you have both.

# phase space:

pl ot (xy[, 2], xy[,3],type="1",xl ab="x(t)",ylab="y(t)",xlimec(-4,4),ylimc(-4,4),
cex. |l ab=1.5, cex. axi s=1. 2, | wd=3, | t y=1)

# time donain:

#pl ot (xy[, 1], xy[,2],type="1",xl ab="t", ylab="x(t)", xl'i mrc(0, 50), ylimc(-3,3),
#cex. | ab=1. 5, cex. axi s=1. 2, | wd=3, | t y=1)

## second initial point

cinit<-c(2,0.2)

xy<- |soda(cinit,tines,funct, parns)

I'ines(xy[,2],xy[,3],col="red", | wd=3, | ty=2) # phase space

#lines(xy[, 1], xy[,2],col ="red", I wd=3,1ty=2) # tinme donmain

Figure 4 shows the results. The trajectory:0f) as a function of time shows an oscillatory
damping towards:(t) = 0. In the phase space the orbit are spirals and, since0, all
the trajectories converge towards the origir{0),y(0)) = (0,0), a stable fixed point
(asymptotically stable calledfocusand, as we noted in Sect. 4.5, the basin of attraction
is the entirg(z, y) plane (see also Fig. 6.3 (a) and (b)). So that for every gaift, y()),
itis:

lim z(t) =0 and tlgilo y(t) =0

t—o00
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Figure 4 Time plot (left) and phase space portrait (right) of the tiewelution of a dumped pen-
dulum with small oscillations. Solid and dashed lines rédedifferent initial conditions:(2, 3.5)
and(2,0.2).

Mathematically, we can put < 0, in this case the origi0, 0) is still a fixed point, but
unstable (see Fig. 6.3 (c) and (d)) Lastly;it= 0, we return to the ideal pendulum and
the origin is a centre.

Let us see now the second case, that is whéns 4w?.
Both the eigenvalues, , are negative, the general solution is:

x(t) = ¢1 exp <_72+ a) t + ¢y exp <_V2_ a) t

In this case the motions are called overdamped. In the pedel r e soN (real pen-
dulum, small oscillations towards a node) we have cheser 2, v = 3, so\; = —1,

A2 = —2 anda = 1. This code is as the previous codend_r e_soF with different
parameters and with four trajectories. It is reported bdlmthe sake of completeness:

# Real dunped pendulum small oscillation (pend_re_soN).

# as Code 3.1 Ideal pendulum snmall oscillations (pend_id s 0.R),

# but here with the dunping constant gamma=3 (towards a node);

# see al so Real dumped pendulum snall oscillation (pend_re_soF) (focus).

parms<- c(1, 2,3)

tinit<-0

tfin<-10

step<-0.01

times<-seq(tinit,tfin, by=step)
funct<- function(t,integ,p){ # the system of equations
x<-integ[ 1]

y<-integ[ 2]

dx<- parns[1]*y

dy<- -parns[ 3] *y-parns[ 2] *x
I'ist(c(dx,dy))

} # end of funct

requi re(deSol ve)

cinit<- c(2.5,2.5)
xy<-lsoda(cinit,tinmes,funct, parns)

12



# to plot different trajectories, you have to choose:
# either in phase space or in tinme domain. Wth two runs you have both.

# phase space

pl ot (xy[, 2], xy[,3],type="1",xl ab="x(t)",ylab="y(t)", xlinmrc(-3,3),ylimc(-3,3),
cex. | ab=1.5, cex. axi s=1. 2, | wd=3, | t y=1)

# tinme domain:

#pl ot (xy[, 1], xy[,2],type="1",xl ab="t",ylab="x(t)", xl'i m=c(0, 10), ylimc(-3, 3),
#cex. |l ab=1. 5, cex. axi s=1. 2, | wd=3, | t y=1)

## second initial point

cinit<-c(-2.5,-2.5)

xy<- | soda(cinit,tines,funct, parns)

I'ines(xy[,2],xy[,3],col="red", | wd=3, | ty=2) # phase space
#lines(xy[,1],xy[,2],col ="red", lwd=3,1ty=2) # time domain

# further initial points

cinit<-c(1.5,1.5)

xy<- | soda(cinit,tines,funct, parmns)

I'ines(xy[,2],xy[, 3], col ="mgenta", | wd=4, | t y=3) # phase space
#l i nes(xy[, 1], xy[, 2], col ="magenta", | wd=8,1ty=3) # tine donain

cinit<-c(-1.5,-1.5)

xy<- | soda(cinit,tinmes,funct, parns)

Iines(xy[,2],xy[, 3], col ="blue", | wd=3,1ty=4) # phase space
#l i nes(xy[, 1], xy[, 2], col ="blue", | wd=3,1ty=4) # time domain

The results are shown in the following Fig. 5 In the time pleg, see that, for all the ini-

y(®)
0

X(t)
0

t x(t)
Figure 5 Time plot (left) and phase space portrait (right) of the tiswlution of a dumped
pendulum with small oscillations. Different line typeseaetfo different initial conditions.

tial conditions, trajectories converge to the origin in ratwmic way. Imagine a pendulum
immersed in a viscous liquid, the system accomplishes antbe half an oscillation, to
get going sadly towards the origin and rest there. As we hage B Sect. 6.2, the origin
is a fixed stable point, callegode(see Fig. 6.2 (a) and (b)). If both eigenvalugs are
positive, then the origin will be an unstable fixed pointttisean unstable node (see Fig.
6.2 (c) and (d)).
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Exercise Study the dynamical behaviour of the damped pendulum witimited oscil-
lations.

Solution If we consider the possibility that the pendulum can perfalso a rotation
motion, in the general equation there is the teimz, that is:

d*zx . dz W 0
— — +w” sinz =
az "

or equivalently:
dx
- f— y
dy - _ —yy — w? sinx
dt

As for the ideal pendulum, in general, the fixed points aremgivy:
(x*,y") = (nm,0),n="...,—2,—-1,0,+1,42, ...
Linearizing around the fixed poirit*, y*), we find again the system:
A =0 B=1

[ —w?(neven D_
(@7=nm) = +w? (n odd) -7

C = —w?cosz

The difference with the ideal pendulum is in the teim= —~. The eigenvalue equation
becomes:

AN — (=)A= (—=w?) =0 (neven

A2 — (=)A= (+w?) =0 (nodd

Forn even,\; and \, are complex and conjugated, we are in the case of the oscyllat
motion towards the origin (focus). Also the fixed points

y'=0eax"=...,—2m,0,+2m,...
are foci. Forn odd, \; and )\, are real of opposite sign, then the fixed points
y'=0ex" =...,=3m, —1m,+1m,+3m, ...

are saddles.

Consider the following possible scenario. The pendulumsteith an energy enough
to pass the unstable vertical poth 7 and so to establish a rotation motion. But unlike
the ideal pendulum, the energy is dissipated by the friefieffects. The rotation velocity
tends to become slower, until the system changes the qoélityy motion, from rotation
it becomes libration. Oscillations are dying and lastly$kistem finds its peace when the

angled and the angular velocityd/dt are zero.

Figure 6 shows the features of the motion of the real pendufioove described in
words. The figure above is obtained with the cpéand_r eal , derived from the Code
6.1, based oR packagghaseR (Grayling, 2015). Computation of the nuliclines, the
andy variables as a function of time are left to the reader. Theesdeported below.
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Figure 6 Dynamics behaviour in the phase space of a dumped pendulash-&ot lines cross the
horizontal axis at saddle points, that istaBr, 57, 7w and9x. The velocity field is also plotted.

# Real dunped pendulum initial unlimted oscillations (pend_re_un_o)
I'i brary(phaseR)

#Set paraneters for integration

t.end<- 50 #integrate fromt=0 to t.end

del t a<-0. 05

pend<-function(t,y, paraneters){

x < y[1]

y < y[2]

a<- par anet er s[ 1]

b<- par anet er s[ 2]

c<- par anet er s[ 3]

d<- par anet er s[ 4]

dy<-nuneric(2)

dy[ 1] <- a*x+b*y

dy[ 2] <-c*si n(x) +dxy

I'ist(dy)

}

onegaz2<- 2.

gamma<- 0.2

par ms<-c(0, 1, - onega2, - ganmm) #par anet er val ues
x0<- pil2

yo<- 7

xy0<-chi nd(x0,y0) #initial conditions

pl ot (0, 0,type="n" ,xlimec(0, 30),ylimc(-4,38),
cex. axi s=1.2,cex.lab=1.5,font.|ab=3

, Xl ab="x",yl ab="y")
flow-trajectory(pend, yO=xy0, t.end=t. end, t. st ep=del t a, par anet er s=par ns,
I wd=2, | t y=1, col our="bl ack", add=TRUE )

seq_pi <-seq(pi, +10*pi , by=2*pi )
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seq_pi

segnent s(seq_pi, -4, seq_pi, 8, col ="blue", | wd=2, | ty=4)

arrows<-fl owri el d( pend, | wd=2, x. | i m=c(0, 30),y.limec(-4,8),

par anet er s=par s, poi nt s=19, arr ow. head=0. 05, frac=1, col our="gray60", add=TRUE)
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